In this paper we present an approach to design an event-trigger based robust control law for linear uncertain system. Both static and dynamic event generation rule employed to realize the proposed robust control law. The control strategies ensure stability in the presence of bounded mismatched system uncertainty. Derivation of both static and dynamic triggering rule with a positive inter-event time and corresponding stability criteria for uncertain event-triggered system are the key contributions of this paper. Time evolution of error norm and a comparative study between static and dynamic triggering rule in the context of robust control strategies has been carried out through simulation results.
I. INTRODUCTION
Aperiodic sensing, communication and computation plays a crucial role for controlling resource constraint cyber-physical systems. It is shown in [1] - [3] that aperiodic sampling has more benefits over periodic sampling, which motivates control researchers towards event-triggered control. In event-triggered control sensing, communication and computation happens only when any predefined event condition is violated. In [3] and [6] event-triggered system is modelled as a perturbed system in continuous and discrete time domain respectively. The input to state stability (ISS) property [7] - [8] is exploited to prove the closed loop stability and to define triggering condition for event-triggered system. To achieve larger average interevent occurrence time, [5] proposed a new dynamic eventgenerating rule over the previous approach [3] which makes event-triggered strategy more computationally efficient and predictable. Various researchers used event-triggered control strategy in different control problems like tracking [11] , estimation [9] - [10] , robust control problem [15] - [16] and many others. In event based robust control problem the uncertainty is mainly considered in communication channel in the form of time-delay or data-packet loss. However, there are open problems of designing a control law and triggering condition to deal with system uncertainties. Mainly uncertainties arise due to parameter variations, unmodeled dynamics, disturbances etc which require the design of robust controller. The applications include tracking problem in robot manipulator [17] , set-point regulation in CSTR system etc. An optimal control approach to robust controller design for uncertain system has been reported in [12] - [14] . To achieve an optimal solution to robust control problem there need to minimize a cost functional. In contrast, [13] - [14] uses a modified non-quadratic cost functional to solve constrained robust control problem in optimal way. In the above mentioned approach, event-trigger based implementation of robust control law is not considered which is essential in the context of networked control system. This paper proposed novel event based robust control strategy for mismatched uncertain system. Here control input update is performed only when an event is generated in order to reduce the communication and computation cost. A conceptual block diagram of proposed framework is illustrated in Figure 1 .
Here controlled system, sensor and actuator are co-located but the controller is connected thorough a communication network. The aperiodic state transmission to controller and control input update instant {t k } k∈I over the network is decided by the event-triggering law. Actuation logic compares the present and previous control input. To solve the robust control problem, an equivalent optimal control problem is formulated with an appropriate cost functional which takes care of the upper bound of system uncertainty. The auxiliary system dynamics is used to compute the optimal controller gain which minimizes a cost-functional. An zero-order-hold (ZOH) at the actuation end holds the last transmitted control input until the next input transmission. The analysis of this system is done in continuous Figure 1 . Conceptual Block diagram of proposed event-trigger based robust control. Doted-line represents the aperiodic data transmission through the channel. 978-1-4799-5364-6/14/$31.00 c 2014 IEEE time domain. Proposed method is verified for both static and dynamic event-triggering rule. In both cases corresponding triggering rule and their stability criteria has been derived. The advantages of the proposed algorithm is that it significantly reduces the number of control input transmission and computation in-spite of system uncertainty. The main contributions of this paper are summarized as follows.
• Defining an optimal control problem to design a robust control law for uncertain system.
• Deriving static and dynamic triggering rule for uncertain system using maximum upper bound of system uncertainty.
• Ensuring stability of closed loop system using ISS Lyapunov function.
• Deriving a positive non-zero lower bound of interexecution time.
• A comparative study is carried out on the efficacy of dynamic robust event-triggered control over static one through numerical studies.
The current paper is organized as follows. In Section II, basic ideas of event-triggered state feedback control law and an optimal approach to robust control design is discussed briefly. Section III & IV is the main contribution of this paper. Section III discussed the optimal control approach to solve robust stabilization problem for event-triggered system. This section also discussed, how the event triggering conditions are derived for both static and dynamic event generation approach. A mathematical expression of the minimum non-zero, positive inter-event time is derived in section IV. An example with simulation result is discussed in Section V to validate proposed control algorithm. Section VI conclude the paper.
A. Notation
The notation . is used to denote an euclidean norm of an element x ∈ R n . Here R n denotes the n dimensional euclidean real space and R n×m is all n × m real matrix set. R + 0 and I are denoting the all possible set of positive real number and non-negative integer. X ≤ 0, X T and X −1 represents the negative definiteness, transpose and inverse of matrix X respectively. Symbol I represents an identity matrix with appropriate dimensions and t ∞ implies +∞. Symbol λ min (P ) and λ max (P ) denotes accordingly the minimum and maximum eigenvalue of symmetric matrix P ∈ R n×n . A function f : R ≥0 → R ≥0 is K ∞ if it is continuous and strictly increasing and it holds f (0) = 0 and f (s) → ∞ as s → ∞.
II. PRELIMINARIES
In this section we discuss the key concepts of both static and dynamic event-triggered control [3] , [5] . Our paper deals with linear system dynamics with mismatched uncertainty. To deal with uncertainty a robust control technique is briefly introduced where robust solution is obtained by solving an equivalent optimal control problem. For simplicity our presentation mainly focused on linear system but the results are equally applicable for non-linear system also.
A. Event-triggered state feedback control system This subsection describes an event-triggered control strategy to stabilize a LTI system with static state-feedback controller. A linear system is written in state-space form aṡ
where x(t) ∈ R n is the system state and u(t) ∈ R m is the control input. To generate event-trigger based control input sequence, a continuous state-feedback control law u(t) = Kx(t) can be replaced by
Here sequence {t k } k∈I represents aperiodic state transmission, control input computation and actuation instant. It is assumed that there have been no time delay in between sensing, computation and actuation and all these three tasks are occurring instantly at the time of event generation. Using event-based state-feedback control law (2), system (1) becomeṡ
Adopting the concepts introduced in [3] the event-based closed loop system can be written aṡ
Here the variable e ∈ R n is referred as measurement error and is defined as
Now the system in (4) is said to be input to state stable (ISS) with respect to its measurement error e if there exist an ISS Lyapunov function. For analyzing ISS of (4), following definition is introduced [7] - [8] .
Definition 1: A continuous function V : R n → R is an ISS Lyapunov function for system (4) if there exist class k ∞ functions α, α 1 , α 2 and γ for all x, e ∈ R n and it satisfy
Using the above Definition, present paper analyze two different types of event-triggering conditions, i) static event triggering and ii) dynamic event triggering. These are briefly discussed as follows.
1) Static event generation: P. Tabuada [3] proposed an event-triggering condition where measurement error (e), defined in (5) is bounded by the state of the system. γ e(t) ≤ σα x(t) , ∀σ ∈ (0, 1)
As the event-triggering condition only depends on current value of state and error, it is called static event-triggering rule.
Using condition (8) task execution or event generation time instants {t k } k∈I can be written as
With the help of event generation rule (8) , the derivative of ISS Lyapunov function in Definition 1 becomes
which implies that the system is asymptotically stable as t → ∞, ∀σ ∈ (0, 1). The main objective of the event driven system is to achieve larger inter-execution time (t k+1 −t k ). To achieve this, Girard [5] recently proposed a new event generation rule called as dynamic event generator.
2) Dynamic event generation: In dynamic event generation scheme [5] , a new variable η(t) ≥ 0 is introduced to express the event-triggering condition and it satisfies the following differential equation:
Here β, α, γ are smooth class K ∞ functions and σ ∈ (0, 1).
In this case, the event-triggering instant can be derived as (12) Here θ ∈ R + 0 is a design parameter. To ensure asymptotic convergence of dynamic event-triggered system, following lemma is introduced [5] .
is a ISS Layapunov function for augmented system (4) and (11) . Then the states of closed loop system x(t) and η(t) converges asymptotically
and ∀σ ∈ (0, 1).
B. Optimal control approach to robust controller design
This subsection describes a robust control strategy for uncertain continuous-time linear system. To deal with this uncertainty an equivalent optimal control problem is formulated which gives robust solution of the closed loop system. This paper considered system uncertainty as mismatched in nature.
C. System with mismatched uncertainty
An uncertain system describes bẏ
where p ∈ P is an uncertain parameter vector. A system has matched uncertainty if it satisfy the following assumption. Assumption 1. There exist a bounded uncertain matrix φ(p) ∈ R m×n such that
for any p ∈ P . Here A(p 0 ) is nominal system matrix for (13) . System (13) have mismatched uncertainty if its uncertainty is not in the range of input matrix B and it dose not hold the Assumption 1. Here BB + (A(p) − A(p 0 )) is matched and (I − BB + )(A(p) − A(p 0 )) is mismatched component. For all p ∈ P if F and H are the upper bound of matched and mismatched component then according to [12] matrices F > 0 and H > 0 can be expressed as
Here α ≥ 0 is a design parameter. With mismatched uncertainty (14) system (13) can be expressed aṡ
Here u = Kx and v = Lx are state feedback control inputs.
Input v, an augmented control input, is used to deal with mismatched component.
Robust control problem:
The objective of the present robust control problem is to find a feedback control law u = Kx such that closed loop system (13) is asymptotically stable for any p ∈ P .
1) Optimal control approach to robust control problem for mismatched uncertain system: The present approach translate above mentioned robust control problem into an equivalent optimal control problem [12] , [13] . The primary objective of the optimal control problem is to find out the optimal feedback control law u and v for an auxiliary systeṁ
which will minimizes the following modified cost functional
for all p ∈ P . Here α ≥ 0, ρ ≥ 0 and β ≥ 0 all are design parameters and holds following inequality.
Now if V (x) is the Lyapunov function for system (13) then the minimal cost required to bring the auxiliary system (17) to equilibrium point from an initial point x 0 will be
(20) According to optimal control theory, V (x) should satisfy HJB equation, which reduces to
Here ∂v ∂x is represented by V x and u = Kx, v = Lx are the optimal feedback control input for the auxiliary system (17) . Since u and v both are optimal solution then it must satisfy following two conditions 1. Equation (21) must be zero, which turns to
2. The derivative of (22) with respect to u and v must be zero, which suggest following two equality.
With a quadratic cost-functional in infinite time LQR problem, the HJB equation (22) reduces to following riccati equation
. After solving (25), the expression of optimal control input are
Here controller gains are K = −B T S and L = −αρ 2 (I − BB + )S. Now the following lemma is introduced to prove that the optimal solution (26) is also the robust solution of original uncertain system (13) .
Lemma 2: If we have optimal control solution for auxiliary system (17) which minimizes the modified performance functional (18) then it is also robust control solution for uncertain system (13) for all bounded mismatched uncertainty.
Proof: For proof and more details refer [12] , [13] .
III. EVENT-TRIGGERED ROBUST CONTROL DESIGN
This section describes efficacy of the optimal control approach to design event-trigger based robust control law. Simultaneously it is also derived that the uncertain system is ISS with respect to its measurement error (e) for both static and dynamic event-triggering condition. Applying control law (2) in (17), the closed loop system becomeṡ 
Here (17) is also the auxiliary system of (27) and controller gain K and L are computed by solving (26). Instead off continuous update of control law derived in (26), eventual update of similar control law ensure the asymptotic convergence of overall closed loop system (27). According to equation (2), the event-triggered from of (26) is
To derive the control input update instant by both static and dynamic triggering mechanism following theorems and proofs are introduced.
Theorem 1: The uncertain system (27), with event-based control law (28), is input to state stable if there exist a static event occurring sequence {t k } k∈I given by
where the design parameter µ is defined in (35).
Proof: Assuming V (x) = x T Sx is an ISS Lyapunov function of (27). To prove the stability of closed loop system (27) it is necessary to simplifyV (x) in the form of (7) . Now theV (x) along the state-trajectory of (27) can be written aṡ
Using (22), (23) and (24)
Using the upper bound mentioned in (15) , (16) and substituting V T x = x T S, the above equality turns to the following inequality.
(30) In the above expression
Now as per Defination I, the ISS condition (6) and (7) hold if
Using (8), (32) and (33) it can be conclude that control input should update if the following inequality is violated.
Here parameter µ is defined as
Equation (34), (35) also suggest the time instant when the condition (34) dose not hold and it is expressed as
Using (36) the trajectory of V (x) will be bounded bẏ
which ensure that V is decreasing ∀σ ∈ (0, 1).
Remark 1:
The value of Q will be positive if the condition β 2 I − 2ρ 2 L T L > 0 is satisfied.
To derive control input update instant through dynamic eventtriggering mechanism following results of are stated.
Theorem 2: The system (13) with mismatched uncertainty (14) is input to state stable by the event-based control law (23),(24) if there exist a dynamic event occurring sequence {t k } k∈I given by
where µ is defined in (35) and η is a non-zero positive parameter.
Proof: Using (11) and (34) the time evolution of η(t) can be written asη
If W (x(t), η(t)) = V (x) + η is the Lyapunov function of the augmented system (27) and (39) then using (30), (39) the time derivative of W (x(t), η(t)) will bė
With σ ∈ (0, 1) and η(t) ≥ 0, the closed loop system (13) is stable by the event-triggering control law proposed in (38).
Remark 2: Theorem 1 & 2 ensure the stability of uncertain system (13) by static and dynamic event-triggering rule (36) and (38) respectively. According to Lemma 2, the optimal control input u = Kx for system (17) is also robust control input for (13) .
IV. MINIMUM TIME INTERVAL IN BETWEEN TWO

CONSECUTIVE EVENTS
In event-triggered control inter execution time depends on the evolution of e / x with respect to time. At t k the ratio of e / x is zero as measurement error e = 0. The next event will occur at t k+1 , when the e / x turns to √ µ. As define in (36) it can be claimed that the minimum time required to evolve e / x from 0 to √ µ is the lower bound of the inter-event time {t k+1 − t k } ∀k∈I = τ > 0. Here inter-event time τ should be always a non-zero positive time interval to avoid so called Zeno behaviour 1 . The minimum time interval in between two consecutive events of proposed robust control mechanism is stated in the form of a theorem.
Theorem 3: ∀ σ ∈ (0, 1) the system (13) with triggering law (36) has strictly positive lower bound of inter-event time τ > 0 and it is expressed as
Proof: Here proof is avoided due to limitation of pages.
Remark 3:
The expression of L 1 consists with unknown system uncertainty A(p). So the L 1 is calculated based on the upper bound of A(p) as defined in (15) and (16.
Remark 4:
The expression of τ for dynamic eventtriggered strategies is not included in this paper. The existence 1 Infinite number of transmission and computation in a finite time [18] .
of strictly positive inter-event time τ for dynamic eventtriggered case is ensured through the numerical results which is discussed in the following section.
V. EXAMPLE
In this section we introduced a numerical example to validate the theoretical results for both static and dynamic eventtriggering condition. Consider a second order system (13) where
, uncertainty vector p = 2sin(t). The event based representation of (13) iṡ
Using (14), (15) 
VI. CONCLUSION
In this paper, an event-trigger based robust controller has been proposed for mismatched uncertain system. Robust control problem is solved by solving an equivalent optimal control problem with an appropriate performance functional. The main contribution of this paper is proposing static and dynamic event based robust control law and its ISS stability criteria with respect to its measurement error and uncertainty. This paper also shows the effectiveness of dynamic eventtriggering control over static event-triggering control in the presence of system uncertainty through numerical studies. The detailed analysis of design parameters like θ, λ and k is not addressed in this paper. But theoretical analysis of these parameters are necessary to find out the optimal values and their effects on system stability. The numerical results show that average inter-execution time of dynamic event-triggered system is larger than the static one. However there need an exact mathematical expression of inter-event time for dynamic event-triggering condition. Self-triggered approach [4] may be considered to solve the robust control problem as a future work.
